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This ebook, "Analysis with an Introduction to Proof, 5th Edition," provides a comprehensive and
accessible introduction to mathematical analysis, emphasizing rigorous proof techniques. It bridges
the gap between the intuitive understanding of calculus typically gained in earlier courses and the
formal, abstract world of higher mathematics. The text is designed for students transitioning from
calculus to more advanced mathematical studies, equipping them with the essential tools and
conceptual understanding needed to succeed. The significance lies in its ability to foster critical
thinking, problem-solving skills, and a deep appreciation for the logical structure of mathematical
arguments. Relevance extends to various fields, including computer science, engineering, physics,
and economics, where a solid foundation in analysis is crucial for tackling complex problems and
developing sophisticated models. This updated edition incorporates new examples, exercises, and
clarified explanations to further enhance clarity and learning.
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Mathematical analysis forms the cornerstone of many advanced mathematical disciplines.
Understanding its principles requires a robust grasp of mathematical proof and a familiarity with
fundamental concepts from logic and set theory. This introductory section lays this essential
groundwork.



1.1 The Nature of Mathematical Proof:

Mathematical proof differs significantly from everyday arguments. It relies on deductive reasoning,
where conclusions are logically derived from previously established statements (axioms, definitions,
or previously proven theorems). The goal is to create an airtight chain of reasoning, leaving no room
for ambiguity or doubt. Common proof techniques include direct proof, proof by contradiction, proof
by induction, and proof by contraposition. Understanding these methods is crucial for constructing
and evaluating mathematical arguments. The focus is on precision and clarity; every step must be
justified based on established rules or previously proven results. Ambiguity and intuitive leaps are
unacceptable.

1.2 Logic and Propositional Logic:

Propositional logic deals with propositions—statements that can be either true or false. Connectives
like "and" (∧), "or" (∨), "not" (¬), "implies" (→), and "if and only if" (↔) are used to combine
propositions to form more complex statements. Truth tables are employed to analyze the truth values
of these compound statements. Understanding the properties of these connectives, such as
associativity, commutativity, and distributivity, is essential for constructing valid arguments. The
emphasis is on building truth tables to assess the validity of arguments.

1.3 Predicate Logic:

Predicate logic extends propositional logic by introducing predicates, which are statements about
variables. Quantifiers, "for all" (∀) and "there exists" (∃), allow us to express statements about entire
sets of objects. Predicate logic provides a more powerful framework for expressing and analyzing
mathematical statements. For instance, statements such as "all real numbers have an additive
inverse" can be precisely formulated using predicates and quantifiers. This formalizes statements that
are difficult to express in propositional logic.

1.4 Set Theory Review:

Set theory provides the language for describing collections of objects. Basic set operations—union,
intersection, complement, and difference—are defined and their properties explored. The concept of a
subset, and the notation for membership (∈) and non-membership (∉) are introduced. Functions are
also introduced as a special type of relation between sets. Understanding sets and functions is crucial
for many mathematical concepts. For example, the idea of a function, a mapping between sets, is
fundamental to calculus and analysis.

Chapter 1: Real Numbers: Axiomatic Approach, Completeness Property, Sequences and Limits

(Keywords: Real Numbers, Axioms, Completeness, Sequences, Limits, Convergence, Cauchy
Sequences, Supremum, Infimum)

This chapter lays the foundation for the entire course by formally introducing the real numbers. Unlike
earlier courses, where the real numbers are often treated intuitively, this chapter develops the real
numbers axiomatically, starting from a set of basic axioms and deriving their properties. The
Completeness Axiom, which distinguishes the real numbers from the rational numbers, is



emphasized, playing a crucial role in proving many fundamental results in analysis. The chapter also
introduces the concepts of sequences and their limits, which are essential building blocks for the
study of continuity, differentiability, and integration. Various types of convergence are explored. This
section will delve into the structure of the real numbers.

Chapter 2: Topology of the Real Line: Open and Closed Sets, Compactness, Connectedness

(Keywords: Topology, Real Line, Open Sets, Closed Sets, Compactness, Connectedness,
Neighborhoods, Limit Points, Heine-Borel Theorem)

This chapter introduces topological concepts in the context of the real line. This exploration provides a
framework for rigorously defining concepts such as continuity and convergence. Open and closed
sets, limit points, and neighborhoods are defined and their properties investigated. Concepts such as
compactness and connectedness, essential for understanding the behavior of functions on the real
line, are also introduced. The chapter culminates in the proof of important results, like the Heine-Borel
Theorem, which connects compactness to boundedness and closedness. The topological framework
here forms the base for later chapters.

Chapter 3: Functions of a Real Variable: Limits and Continuity, Differentiability, Mean Value Theorem

(Keywords: Functions, Limits, Continuity, Differentiability, Mean Value Theorem, Derivatives,
Intermediate Value Theorem, Extreme Value Theorem)

This chapter focuses on the properties of functions of a single real variable. The concepts of limits and
continuity are formally defined using the epsilon-delta definition, rigorously establishing the
foundational concepts of calculus. Differentiability is introduced, along with its geometrical
interpretation, and the Mean Value Theorem, a cornerstone result with significant applications. The
chapter explores the relationship between continuity and differentiability, considering examples of
functions that are continuous but not differentiable and vice versa. This is where the theory meets
practice, applying the topological foundations established earlier.

Chapter 4: Sequences and Series of Functions: Pointwise and Uniform Convergence, Power Series

(Keywords: Sequences of Functions, Series of Functions, Pointwise Convergence, Uniform
Convergence, Power Series, Radius of Convergence, Taylor Series)

This chapter extends the concept of convergence to sequences and series of functions. The distinction
between pointwise and uniform convergence is highlighted, emphasizing the crucial role of uniform
convergence in ensuring that properties such as continuity and differentiability are preserved under
limits. Power series, an important class of functions, are introduced, and concepts such as radius of
convergence and Taylor series expansions are developed. These concepts have widespread
applications across various fields.

Chapter 5: Riemann Integration: Definition and Properties, Fundamental Theorem of Calculus

(Keywords: Riemann Integration, Integrability, Riemann Sums, Fundamental Theorem of Calculus,
Definite Integrals, Indefinite Integrals)



This chapter provides a rigorous treatment of Riemann integration. The definition of the Riemann
integral using Riemann sums is presented, and the properties of integrable functions are explored.
The Fundamental Theorem of Calculus, which establishes the connection between differentiation and
integration, is proved, highlighting its significance in the application of calculus to problem-solving.
This formally establishes the relationship between differentiation and integration, solidifying a core
concept in calculus.

Conclusion: Looking Ahead to Advanced Analysis

This concluding section briefly previews topics covered in more advanced analysis courses, such as
multivariable calculus, measure theory, and complex analysis, highlighting the connection between
the foundational concepts covered in this book and these more advanced areas. It encourages
continued study and further exploration of the rich and vast field of mathematical analysis.
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